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A Steiner-quadruple system of order v  is an ordered pair (X, Q). where X is a set 
of cardinality v, and Q is a set of 4-subsets of X, called blocks, with the property 
that every 3-subset of X is contained in a unique block. In this paper we show that 
if there exists a quadruple system of order V with a subsystem of order L’, then there 
exists a quadruple system of order 3V - 2v with subsystems of orders V and c. 
Hanani has given a proof of this result for t’= 1. and in a previous paper, the 
author has proved the case when Vs Zv(mod 6). The construction given here 
proves all remaining cases, and has many applications to other existence problems 
for 3-designs. 
1. INTRODUCTION 
A Steiner-quadruple system of order U, denoted es(u), is an ordered pair 
(X, Q), where X is a set of cardinality U, whose elements are called points, 
and Q is a set of 4-subsets of X called blocks, with the property that every 
set of 3 distinct points is contained in a unique block. We shall admit as 
trivial systems all cases with u < 2 and Q empty. 
In 1960 Hanani [2] proved that a QS(u) exists and if and only if u E 2 or 
4 (mod 6) or v < 1. Hanani’s proof uses six recursive constructions and two 
direct constructions; a QS(14) and a QS(38). Five of Hanani’s recursive 
constructions have been generalized by Lindner and Rosa 191, Phelps [ 111, 
Rokowska [ 121, Aliev [ 11, and the author 14-61. We shall give a general 
construction which includes, as a special case, the construction of a QS(38) 
suitable for use in Hanani’s sixth construction. 
The major new result proved in this paper is that if there exists a QS(V) 
with a subsystem of order U, and V- u(mod 6), then there exists a 
QS(3(V- u) + V) with three subsystems of order V intersecting on a 
subsystem of order U. The system of order 38 constructed by Hanani is such 
a system, with V= 14 and u = 2. The general nature of our construction 
provides a valuable new tool for solving existence problems for quadruple 
systems and other threewise-balanced designs. 
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2. NOTATION, DEFINITIONS, AND PRELIMINARY RESULTS 
A quadruple system (X, Q) of order V has a subsystem of order u if there 
exist sets x s X and q E Q such that (x, q) is a quadruple system of order v. 
LEMMA 2.1. If a QS( V) has a proper subsystem of order v, then 2v ,< V. 
A regular graph (X, E) of degree k has a one factorization if the edge set 
E can be partitioned into k parts E = F, 1 F,l ..a lFk so that each Fi is a 
partition of the vertex set X into pairs. The parts Fi are called one factors. 
The number of vertices of a graph (X, E) with a one factorization must be 
even, since the number of edges in each one factor is 1X1/2. 
A partial one factor in a graph G is a set of vertex-disjoint edges of G. Let 
Z, denote the cyclic group of integers modulo n under addition. For x E Z, 
we define 1x1 by 
IxI=x, , if 0 ,< x < n/2, 
= -x, if n/2 < x < n. 
For it > 2 and L s { 1,2,..., ]n/2]) define G(n, L) to be the graph with vertex 
set Z, and edge set E given by [x, y] E E if and only if ]x - y 1 E L. Note 
that G(n, L) is always a regular graph. The degree of regularity is 2 IL I if 
n/2 65 L and 2 IL I - 1, otherwise. 
LEMMA 2.2. Let n be an even positive integer and L c ( 1, 2,..., n/2}. The 
graph G(n, L) has a one factorization if n/gcd( j, n) is even for at least half 
the numbers j E L. 
Proofs of Lemmas 2.1 and 2.2 are given in 141. 
The symbol G, will be used exclusively for the complete graph with vertex 
set Z,. Let X be a set of edges of G, , we define the set LX of edge lengths of 
edges in X by 
LX= {lx-y(: [x,y] EX}. 
In general, brackets are used for both edges of graphs and quadruples. 
3. A CLASS OF AUXILIARY DESIGNS 
We shall define a class of auxiliary designs called A-pairings. They play a 
key role in the construction, analogous to the role of Skolem sequences in 
the construction of Steiner-triple systems. They also bear a strong resem- 
blance to the simple pairings defined in [4], and the H-pairings defined in 
161. 
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For nonnegative integers n and s we define an A-pairing, denoted A(n, s), 
to be an ordered 5tuple (D, H, R,, R,, R,) with the properties: 
(Al) The set D is a subset of Z,, of cardinality s. 
(A2) The sets H, R,, R,, and R, are partial one factors of Gs,, with 
vertex sets VH, VR,, VR r, and VR,, respectively. 
(A3) Partitioning. The set Z,, is partitioned by the set D, VH, VR,, 
VR,, and VR,. So 
Z,,=DIVHI VR,IVR,I VR,. 
(A4) Purity. None of the vertices or lengths of edges in H are 
divisible by 3, so 
VHn (0,3,6 ,..., 6n - 3) = 0 and LHn (3,6,9 ,..., 3n) =a. 
(A5) Cardinality. The partial one factors R,, R,, and R, all have 
the same number of edges, say r, so 
(R,I = lR,l= /RI1 = r. 
(A6) Maximal length edges. No set Ri contains an edge of length 
34 so 
3n & LR, for all i E Z, 
(A7) Distinct edge lengths. (i) The edges in each set H, R,, R, , and 
R, are of different lengths, so 
lLHl= IHJ = h 
(say), and 
lLRil = IRiJ = r for all i E Z, . 
(ii) No edge in H is of the same length as an edge in R;, i.e., 
LHnLRi=O for all i E Z, . 
(A8) One factorization, For each i E Z, define ri to be the graph 
with vertex set Zen and edge set containing all those edges [a, b] such that 
]a - b] & LH U LR,. Thus ri is the complement of the graph 
G(6n, LH U LRi). This condition requires that each of the graphs ri, i E Z, 
have a one factorization. 
We shall now give an example of an A-pairing, derive some properties of 
these designs, and in Section 4 we shall motivate their definition by proving 
the following result: 
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THEOREM 3.1. Zf there exists a A-pairing A(n, s) and a QS(6n + s) with 
a subsystem of order s, then there exists a QS( 18n + s) containing three 
subsystems of order 6n + s intersecting on a subsystem of order s. 
We now give two examples of A-pairings. 
EXAMPLE 3.2. An A(2,2) and its associated sets, graphs, and constants: 
D= (0, 91, 
H= (11, 11)[2, lo]], 
R,= {[3,6]], 
R,= {[4,7]}, 
R,= {[5,8lL 
LH= (2,4), 
LR,=LR,=LR,= (31, 
Z-,=Z-, =f, =G(12, (1,5,6)), 
r= 1, h = 2. 
It is easily verified that (0, H, R,, R, , R,) as defined above forms an A(2, 2). 
Note that, in general, the sets LR, of edge lengths need not be equal, and that 
(D, H,R,,R,,RJ is also an A(2, 2), where R, = ([4,5]} and 
R, = {[7,8]}. I 
EXAMPLE 3.3. An A( 1.4) with its associated sets, graphs and constants. 
Let D={O,2,3,4}, H={[l,5]}, R,=R,=R,=0. Then LH={2}, 
LRi=0,Zi=G(6, (1,3})gK,,, for all iEZ,, r=O and h= 1. 
A different A(l, 4) is formed by the 5-tuple ((0, 1, 2, 3}, {[4, 5]}, 0, 0, 
0); this pairing has graphs Ti = G(6, { 2,3 }) E C, X K, , which also have one 
factorizations by Lemma 2.2. I 
We now derive some properties of A-pairings to be used in later sections. 
LEMMA 3.4. Zf an A-pairing A(n, s) exists, then 
(9 s is even, 
(ii) 6n >, s > 0, and 
(iii) (n, s) # (1, 2). 
Proof. By partitioning condition (A3) 
6n = s + 2h + 6r (“) 
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so conditions (i) and (ii) follow. If (D, H, R,, R, , R,) were an A( 1,2), then 
by (*) we have h = 2, so from parity condition (A4) VH = ( 1,2,4,5} and 
the first part of the distinct edge-length condition (A7) must be violated. This 
contradiction establishes (iii). 1 
LEMMA 3.5. Zf (D, H, R,, R,, R2) is an A(n, s), then each of the graphs 
Ti is regular of degree 6n - 1 - 2r - 2h. 
This is a direct consequence of conditions (A4)-(A8). 
4. THE USE OF A-PAIRINGS FOR QUADRUPLE SYSTEM CONSTRUCTION 
This section consists of a proof of Theorem 3.1. Let (X, Q) be a 
QS(6n + s) with 
x = z,, u Y, 
where (Y, q) is a subsystem of order s and 
y= {co,, co, )...) co,}. 
Using an A-pairing A(n, s) = (0, H, R,, R, , R,) and the quadruple system 
(X, Q) we shall show how to construct a quadruple system (X’, Q’) of order 
18nts. 
Let X’ = (Z,, X Z,) U Y, and write the element (a, i) E Z,, X Z, as a,. 
For each i E Z, define an embedding &: X + X’ by 
liX = xi, if x E Zbn 
= x, otherwise. 
Before defining the blocks of a quadruple system on X’ we classify the 3- 
subsets of X’, as an aid for later discussion. 
A type I triple is a 3-subset of 1,X for some i E Z,. 
A type II triple consists of one member of Y, and two members aibj of 
Z,, x Z, with i#j. 
A type IIId triple, where d E Z6,,, consists of three members a,b, cl of 
Z,, x Z,, satisfying a t b t c 3 d (mod 6n). 
A type IVIi triple, where I E Z,,\{O}, i E Z,, consists of three members 
a, bicj of Z,, x Z, satisfying 1 a - b) = I and j # i. 
It is easily verified that each 3-subset of X’ falls in exactly one of the 
classes defined above. 
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We shall define the block set Q’ as the union of the five disjoint sets of 
blocks Q*, 6, p, I$, and x defined below. Let 
Q* = {[AixAiy&zLit]: [xyzt] E Q, iEZ,}. 
It is clear that Q* covers all the type I triples. Also 
lQ*l=3/Ql-2lql 
=3.+(““:“)-2.;( ;). 
Let 
6 = { [ooja,b,c,]: a + b + c 3 d(mod 6n), d is the jth member of D, 
j= 1,2,3 ,***, sl. 
The construction guarantees that 6 covers all type II triples and all type IIId 
triples, where d E D. Also, 161 = s(6n)*, since the number of solutions 
(a, b, c) to the equation a + b + c = d is precisely (6n)‘. 
Let 
Here we see that p covers all type IIId triples, where d E VR,U VR 1 U VR,, 
and all type IVfi triples, where I E LR, and i E Z,. The partitioning 
condition for A-pairings quarantees that no type III triple covered by p is 
also covered by 6. The first distinct edge-length condition guarantees that no 
type IV triple is covered by two distinct blocks from p. The cardinality 
condition gives 
Ip / = (64’ i-3. 
By the one-factorization condition, each of the graphs Ti has a one 
factorization, say F’, 1 Fi, ) F$ I . . . 1 FL,- 1 _ 2r-2h. Let 
#= {[aibici+,di+,]: [a, b] E Fj, [c,d] E Fj+‘, iE Z,, 
j = 1, 2, 3 ,..., 6n- 1 -2r-2hj. 
From the definition of ri it is clear that the triples covered by Q are of 
type IVli, where i E Z, and I 65 LH U LR,. 
The number of blocks in Q is given by 
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The final set of blocks x (for Hanani) will complete the quadruple system 
and, hence, must cover all triples of the types IIId and IVli, where d E VH, 
1 E LH, and i E 2,. Before defining the blocks in x we shall further reline 
these classes of triples, using the properties guaranteed by parity condition 
(A4). 
Let T= {ai,bi+l,ci+2 } be a type IIId triple with d f O(mod 3). Precisely 
two of a, b, and c must be congruent modulo 3; when b E c(mod 3) we shall 
say that T is a type IIIdi triple. 
If T = (ai, bi, cj} is a type IVZi triple we shall say that T is of type IVliA if 
a + b + c s O(mod 3) and of type IVAB, otherwise. 
The blocks in x are defined in two parts x, and x2 given below. Let 
X1={[Ui+,,(U+3&)i+*(j-2U-3E)i(k-~U-~&)il: 
a E Z6”, iEZ,,EEZ 2n3 IL kl E HI. 
The set x1 covers all triples of type IIIdi with d E VH and i E Z,, and all 
triples of type IVhA, where I E LH and i E Z,; this last fact since [j, k] E H 
implies j + k E O(mod 3) by parity condition (A4) for A-pairings. Note also 
that (r and E are uniquely determined by the values of x, y, and z in a 
type IVliA triple xi yizj. The number of blocks in x, is given by 
Ix, I = 6n . 3 . 2n . h. 
Let 
x~=([U,,(U+~-~J),,(U+~E)~+~,(U+~E+C~-~~)~+~]: 
UEZ,“, iEZ,,cEZ 2n3 1.L kl E HI. 
The triples covered by x2 are all those of type IVKB, where 1 E LH and 
i E Z, , since the sum of any triple is congruent to either b - k 1 or 2 ] j - k 1 
modulo 3. The number of blocks is given by 
(x2]=6n.3.2n.h. 
Finally, letting 
Q’=Q*uJu~Ux~ugiux,, 
we claim that (X’, Q’) is a QS(18n + s) containing three subsystems 
(A&, &Q) of order 6n + s which intersect on the subsystem (Y, q) of order s. 
In the preceeding paragraphs we have established that every 3-subset of X’ 
is contained in some block of Q’. It therefore remains to show that ] Q’ ] is, in 
fact, d( 18;+S). 
128 A.HARTMAN 
Note that 
~lQ’l=~lQ*l+~l~l+~l~/+~l~l+~l~,I~ 
+ PIPI + 2 Ix,l+ 4 l4l+ 4 lxzl) 
= (3 (y+S j-2 (;)) + 3s(6n)’ + (6r~)~ + 3 . 2 . 6n 
=]typeI]+]typeII]+]typeIII]+]typeIV] 
= y;+s ). 
This completes the proof of Theorem 3.1. 1 
5. EXISTENCE OF A-PAIRINGS 
We shall show, by direct construction, that the necessary conditions on n 
and s given in Lemma 3.4, are also sufficient for the existence of an A(n, s). 
We begin by proving the following result: 
THEOREM 5.1. For all n > 2 there exists an A(n, 2) with the additional 
properties that H = { [ 1, -1][2, -2]} and LR, = (3, 6, 9 ,..., 3(n - l)}, for 
each iE Z,. 
ProoJ We consider two cases: 
(a) n SE 1 or 2(mod 4), 
(b) n = 0 or 3(mod 4). 
Case (a). When n = 2 we may construct the A(2,2) given in 
Example 3.2. For n > 2, with n E 1 or 2(mod 4) we have 6n = 
3(8k t 2(1 t E)) f or some k > 1 and E = 0 or 1. We first construct the set R 
of edges of G,,, If, +6J (see Fig. 1). Let 
R = (1-k - 1, -k - 21, (4k - 1 t E, 6k + E]} 
u{]j,--l-j]:l<j<k-1} 
u{[j,-3-j]:k<j<2k-2-t&} 
u{(4k- 1 te+j,4k- 1 +e-j]: l,<j,<Z!k\. 
From Fig. 1 it is clear that R U { [0, -1 ]} is a one factor of GBk+ *cl +tJ and 
that LR = { 1, 2, 3 ,..., 4k t E). 
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FIG. 1. Schematic representation of the set R and its edge lengths. 
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We now define multiplication and addition on partial one factors X of G, 
in the following natural way: 
aX+b=([axtb,uy+b]:[x,y]EX}. 
This enables us to construct an A(n, 2) as 
D= (O,-3}, 
H= {[I,-11[2,-211, 
Ri=3R+i (arithmetic modulo 6n), i = 0, 1, 2. 
Conditions (Al)-(A7) follow from the construction using the properties of R 
and the fact that LH = (2,4} and LRi= {3,6,9,..., 3(n - l)}. Condition 
(A8) follows from the above and Lemma 2.2. 
Case (b). For n z 0 or 3(mod 4) with n > 3 we have 6n = 3(8k - 2s) for 
some k > 1 and E = 0 or 1. As in case (a), we construct partial-one factors of 
GgkeZs (see Fig. 2) and use these to construct an A (n, 2). Let 
X= 
Y= 
z= 
T= 
[4k-c-2j,4k-2-e+2j]: 1 <j,<k), 
[4k-l-s-j,4k-l-s+j]:l<j<2k-l}, 
[4k-2-&-2j,4k-2-&+2j]: I,<j<k-l}, 
[j, -1 -j]: 1 Q j < 2k - 1 -E}, 
A = {[O,-111, 
B = ([4k - 2 - E, 4k - 1 - E] ), 
C= {[6k-2-&,6k- 1 -&I}, 
D={4k-l-&,6k-1-c). 
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FIG. 2. Schematic representation of the sets X. Y. 2. T. A. B, C, D. and their edge 
lengths. 
Formalizing the relationships 
partitions of ZskezE: 
shown in Fig. 2 we have the following 
Z 0k-2c = VA IVTIVXI v(x+ 1) 
= v.4 I VT] VYI D 
=VAlVTlVZl V(Z+ l)lVBl VC, 
and the following edge lengths: 
LA=LB=LC=(l}, 
Lx=L(X+ l)= (2,6, 10 ,..., 4k-2}, 
LY= (2, 4, 6 ,..., 4k - 21, 
LZ = L(Z + 1) = j4, 8, 12 ,.a., 4k - 4}, 
LT= (3, 5, 7 ,..., 4k- 1 - 2~). 
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We now define an A(n, 2) = (g, H, R,, R,, R2) in terms of the sets given 
above. Let 
Q = 30 = { 12k - 3 - 3~, 18k - 3 - 3s}, 
H= {[L-l], [L-2]}, 
R,=3AU3TU(32+2)U(3X+ l), 
R,=(3B+2)U(32-+ l)u3Y 
Rz=(3C+2)u(3T+2)u(3(Z+ 1)+2)u(3(X+ l)+ 1). 
Using all the above information and Lemma 2.2 it is immediate that the 
sets defined form an A(n, 2) and that for each i E Z, 
LR, = {3, 6,9 ,..., 12k - 3 - 3~). 
This completes the proof. I 
COROLLARY 5.4. For all n > 0 there exists an A(n, 0). 
Proof: For n = 0 take D, H, R,, R , , and R, all empty. For n = 1 the 
construction given below is an A(l, 0): D = 0, H = 0, R, = ( [-3, -2]}, 
R,={[-l,O]},R,={[1,2]}.F or n>2 let (D,H,R,,R,,R,)betheA(n,2) 
constructed in the proof of Theorem 5.1. Let 
D’=a; 
H’=@; 
R; = R,u { [-3, -2]}, if n s 1 or 2(mod 4) 
=R,u {[-I, 12k-3-3&l}, if n=4k-&, E=O, 1; 
K=W-J{[-LO]}, if n = 1 or 2(mod 4), 
=R,u{[18k-3-3s,l]j, if n=4k-c, E=O, 1; 
RS=R,U {[L2]}, if n = 1 or 2(mod 4) 
=R,u I[%-211, if n = 0 or 3(mod 4). 
It is easily verified that (D’, H’, RA, RI, R;) is an A(n, 0) for all n > 2 using 
the properties of the previous construction and Lemma 2.2. 1 
We are now able to prove the major result of this section. 
THEOREM 5.5. An A-pairing A(n, s) exists if and only if 6n > s > 0, s is 
euen and (n, s) # (1,2). 
Proof: The necessity of the conditions on n and s was shown in 
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Lemma 3.4. For n = 0, 1, or when s = 0, sufficiency is shown by 
Example 3.3 and Corollary 5.4. For n > 2 and s > 2 we begin with the case 
when s = Z(mod 6), say s = 6m + 2. In this case we construct A-pairings 
with the additional properties that H = ( [ 1, - 11, [2, -2 ] ] and LR, = (3j: m + 
1 <j < n - 1). Theorem 5.3 establishes the existence of such pairings when 
m = 0. We proceed by induction on m. Let (D, H, R,, R, , RJ be an 
A(n, 6m + 2) with the additional properties. If m < n - 1, then each of the 
sets Ri contain a unique edge [xi, yi] such that (xi --yi( = 3(m + I). Let 
D’=DU{xi,yi:iEZ,} and RJ=Ri-([xiyi]} for each iEZ,. It is 
immediate that (D’, H, Rh, RI, R;) satisfies properties (A 1 )--(A7); property 
(A8) follows from Lemma 2.2 since edges of odd length are always removed 
from Ri before those of even length. Thus, we have constructed an 
A(n, 6(m + 1) + 2) with the additional properties. 
If s G 4(mod 6) then we construct an A(n, s) from an A(n, s - 2) = 
(D, H, R,, R,, R,) with the additional properties by letting 
D’=Du{2,-2}, H’=([l,-I]}, and RI = Ri for each i E Z, . To verify 
the one-factorization axiom in this case, note that, if s = 6m + 4, then 
ri = G(6n, {4,5, 7,8 ,..., 3n - 2, 3n - 1) U (3,6,9 ,..., 3m) U (1, 3n)) 
and this graph has a one factorization by Lemma 2.2. Similarly, if 
s G O(mod 6), say, s = 6m + 6, we let 
D’= DU { 1,2, -1, -2), H’=0, R;=Ri (i E Zd, 
so 
Ti = G(6n, { 1,2,4,5 ,..., 3n - 2, 3n - 1 } U (3,6, 9 ,..., 3mJ U { 3n}), 
and, thus, A(n, s) satisfies all the conditions (Al)-(A8). This completes the 
proof. I 
6. RECURSIVE CONSTRUCTION AND ITS APPLICATIONS 
We begin this section by applying the constructions from Sections 4 and 5 
to Steiner quadruple systems. 
THEOREM 6.1. A quadruple system (X, Q) of order 6n + s containing a 
proper subsystem (Y, q) of order s > 2 exists if and only if there exists a 
nontrivial quadruple system (X’, Q’) of order 18n + s containing 3 
subsystems (A,.X, kiQ) of order 6n + s which intersect on the subsystem (Y, q) 
of order s. 
ProoJ Since (X’, Q’) is nontrivial we have s > 2, and (X, Q) is contained 
in the structure of (X’, Q’). Conversely, given (X, Q) we have 6n + s > 2s 
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by Lemma 2.1, and hence 6n >, s > 2, and s is even. If (n, s) # (1,2), then we 
may use Theorems 5.5 and 3.1. The remaining case is covered by the 
construction of a QS(20) with three subsystems of order 8 as given in [5, 
Theorem 111. 1 
A special case of Theorem 6.1 is proved in [6] using a more complicated 
construction than that given in Section 4. 
The singular direct-product construction for quadruple systems has been 
rediscovered by several authors (see, e.g., [ 1, 2, 5, 11, or 121). These results 
used together with Theorem 6.1 give the following recursive theorem: 
THEOREM 6.2. If there exists a QS(V) with a proper subsystem of order 
v > 1, then for all n z 1 or 3(mod 6) there exists a QS(n( V - v) + v) with n 
subivstems of order V intersecting on a subsystem of order v. 
Proof: If v = 1 a proof may be found in [ 1, 11, or 121. For v = 2 or 
4(mod 6), if V E v(mod 6) use Theorem 6.1 for n = 3 and the singular-direct 
product, thereafter; if Vf v(mod 6) a proof may be found in [4 and 51. I 
Theorems 6.1 and 6.2 have been applied to the problems of embedding 
[ 7, lo] and enumerating [8] quadruple systems. The generality of the 
constructions makes them useful in tackling other existence problems for 
quadruple systems with specified properties. In particular it may be possible 
to adapt these constructions to preserve resolvability, as in (41. 
On another level the constructions of Sections 4 and 5 may be interpreted 
in terms of threewise-balanced designs with an even number of points, 
yielding the following result: 
THEOREM 6.3. Let (A’, B) be a threewise-balanced design with a 
subdesign (Y, b) and block sizes from the set K. Zf IXI= 1 YI (mod 6) and 1 YI 
is even, then for any n s 1 or 3(mod 6), there exists a threewise-balanced 
design (X’, B’) with IX’1 = n(lX/ - 1 Yl) + I Yj and block sizes from the set 
Ku 14). 
The construction is similar to that of Theorem 6.2, using the threewise- 
balanced design (X, B) in place of the quadruple system (X, Q) in the 
construction of the block set Q*. 
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